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COMMUTATOR SUBGROUP OF A RIGHT-ANGLED
COXETER GROUP
MARINA ILYASOVA
Abstract. We give a criterion of the existence of a presentation with a sin-
gle relation for the commutator subgroup RC′K of a right-angled Coxeter
group RCK . Namely, we prove that RC′K is a one-relator group if and only
if K is either a p-cycle with p > 4 or has the form (p-cycle)∗∆q with p > 4
and g > 0, where ∆q is a q-simplex.
1. Introduction
The Right-angled Coxeter group corresponding to a graphK 1 (or a flag simplicial
complex K ) is defined as the group RCK with generators g1, . . . , gm and relations
g2i = 1, gigj = gjgi for {i, j} ∈ K 1. Right-angled Coxeter groups are interesting
from a geometric point of view because they arise from reflections in the facets of
right-angled polyhedra in hyperbolic space.
The commutator subgroup RC ′K of a right-angled Coxeter group is the fun-
damental group of a finite-dimensional aspherical space, the real moment-angle
complex RK = (D1, S0)K , which often turns out to be a manifold. A criterion for
the commutator subgroup RC ′K to be free was obtained in [7]. We give a criterion
for the commutator subgroup RC ′K to be a one-relator group. Namely, the main
result is the equivalence of the following conditions for a flag simplicial complexK :
(a) pi1(RK ) = RC ′K is a one-relator group;
(b) H2(RK ;Z) ∼= Z;
(c) K is either a p-cycle (the boundary of a p-gon) with p > 4 or has the form
(p-cycle)∗∆q with p > 4 and q > 0, where ∆q is a q-simplex.
Under these conditions RK is homeomorphic to the product Sg ×Dq+1, where
Sg is a closed orientable surface of genus g = (p− 4)2p−3 + 1 and Dq+1 is a (q+ 1)-
dimensional disc. The equivalence of properties (a) and (b) follows from the Lyndon
Identity Theorem [6] (see [3, Theorem 2.1]) because the group pi1(RK ) = RC ′K is
torsion-free.
It is interesting to note that property (a) is related to the property of a simplicial
complex K to be minimally non-Golod, see [5]. As noted in [2, Theorem 4.8], if K
is a flag complex, then K is minimally non-Golod if and only if the moment-angle
complex ZK = (D2, S1)K is homeomorphic to a connected sum of sphere products.
In the non-flag case, the real moment-angle complex RK is not aspherical, so its
topology is not determined by its fundamental group. The natural analogue for (а)
is the property of the Pontryagin algebra (loop homology) H∗(ΩZK ) to be the
quotient of a free associative algebra by a single relation. In the case when K is a
p-cycle the algebra H∗(ΩZK ) was studied in [8].
The author would like to thank professor Taras Panov for formulating the prob-
lem and attention to this work, and Yakov Veryovkin for helpful discussions during
the preparation of this paper.
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2. Preliminaries
Let K be a simplicial complex on [m] = {1, 2, . . . ,m}, i. e. K is a collection of
subsets I ⊂ [m] such that for any I ∈ K all subsets of I also belong to K . We
always assume ∅ ∈ K .
Construction 2.1 (polyhedral product). Let K be a simplicial complex on [m]
and let
(X,A) = {(X1, A1), . . . , (Xm, Am)}
be a sequence of m pairs of pointed topological spaces, pt ∈ Ai ⊂ Xi. For each
subset I ⊂ [m] we set
(X,A)I =
{
(x1, . . . , xm) ∈
m∏
k=1
Xk : xk ∈ Ak for k 6∈ I
}
and define the polyhedral product of (X,A), corresponding to the complex K as
(X,A)K =
⋃
I∈K
(X,A)I =
⋃
I∈K
∏
i∈I
Xi ×
∏
i 6∈I
Ai
 ⊂ m∏
k=1
Xk.
In the case when Xi = X and Ai = A for all i we use the notation (X,A)K for
(X,A)K .
Example 2.2. Let (X,A)K = (D1, S0), where D1 is the closed interval [−1, 1]
and S0 is its boundary {−1, 1}. The polyhedral product (D1, S0)K is known as the
real moment-angle complex and is denoted by RK :
RK = (D
1, S0)K =
⋃
I∈K
(D1, S0)I .
Note that RK is a cubic subcomplex in the cube (D1)m = [−1, 1]m.
Construction 2.3 (right-angled Coxeter group). Let Γ be a graph on m vertices.
We write {i, j} ∈ Γ when i and j are connected by an edge. The right-angled Coxeter
group RCΓ is defined as follows:
RCΓ = F (g1, . . . , gm)/(g
2
i = 1, gigj = gjgi for {i, j} ∈ Γ),
where F (g1, . . . , gm) is a free group with m generators.
We denote the right-angled Coxeter group corresponding to the 1-skeleton of K
by RCK .
A missing face of K is a subset I ⊂ [m] such that I is not a simplex of K ,
but every proper subset of I is a simplex of K . A simplicial complex K is called
a flag complex if each of its missing faces consists of two vertices (i. e. any set of
vertices of K which are pairwise connected by edges spans a simplex). A clique
of a graph Γ is a subset I of vertices pairwise connected by edges. For a graph Γ
we can define the clique complex of Γ as the simplicial complex obtained by filling
in each clique of Γ by a face. Each flag complex K is the clique complex of its
one-skeleton Γ = K 1.
A path-connected space X is aspherical if pii(X) = 0 for i > 2. An aspherical
space X is an Eilenberg–Mac Lane space K(pi, 1) with pi = pi1(X).
We will use the notation G′ for the commutator subgroup of G.
Proposition 2.4 (see [7, Corollary 3.4]). Let K be a simplicial complex on m
vertices. Then
(a) pi1(RK ) is isomorphic to the commutator subgroup RC ′K ;
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(b) RK is aspherical if and only if K is flag.
A graph Γ is called chordal if each of its cycles with 4 or more vertices has a
chord (an edge joining two vertices that are not adjacent in the cycle). A p-cycle is
the same as the boundary of a p-gon.
In [7] the following criterion of freeness for the commutator subgroup RC ′K was
given.
Theorem 2.5 ([7, Corollary 4.4]). The commutator subgroup RC ′K is a free group
if and only if the graph K 1 is chordal.
Let (g, h) = g−1h−1gh denote the group commutator of two elements g, h. For
any subset J ⊂ [m], the corresponding full subcomplex of K is the subcomplex
KJ = {I ∈ K : I ⊂ J}.
The following theorem from [7] provides an explicit minimal generator set for the
commutator subgroup RC ′K .
Theorem 2.6 ([7, Theorem 4.5]). Let RCK be the right-angled Coxeter group
corresponding to a simplicial complex K on m vertices. Then the commutator sub-
group RC ′K has a finite minimal generator set consisting of
∑
J⊂[m] rank H˜0(KJ)
nested commutators
(gj , gi), (gk1 , (gj , gi)), . . . , (gk1 , (gk2 , . . . (gkl−2(gj , gi)) . . . )),
where k1 < k2 < · · · < kl−2 < j > i, ks 6= i for any s, and i is the smallest vertex
in a connected component of K{k1,...,kl−2,j,i} not containing j.
Homology of the complex RK is described by the following result.
Theorem 2.7 (see [1, §4.5]). For any k > 0 there is an isomorphism
Hk(RK ) ∼=
⊕
J⊂[m]
H˜k−1(KJ).
3. A single relation
Recall that a group G is called a one-relator group if G is not a free group and
has a generator set with a single relation.
Let G be a one-relator group, i. e. G = F/R, where F = F (x1, . . . , xl) is a free
group and R is the smallest normal subgroup in F containing a relation r. Consider
the space
(1) Y (G) =
( l∨
i=1
S1i
)
∪r e2,
obtained from a wedge of circles by attaching a 2-cell via the map S1 → ∨S1i
corresponding to r. By construction, its homology is described as follows.
Proposition 3.1. Hk(Y (G);Z) = 0 for k > 3 and
H2(Y (G);Z) =
{
Z if r ∈ F ′;
0 otherwise.
The following statement is one of the equivalent formulations of the Lyndon
Identity Theorem [6].
Theorem 3.2 (see [3, Theorem 2.1]). Let G be a one-relator group with relation r
which is not a proper power, i. e. r 6= un for n > 1. Then Y (G) is a K(G, 1)-space.
Under the conditions of Theorem 3.2 we have Hk(G;Z) = Hk(Y (G);Z), i. e. the
homological dimension of G is at most 2.
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Theorem 3.3. Let K be a flag simplicial complex on [m]. The following conditions
are equivalent:
(a) pi1(RK ) = RC ′K is a one-relator group;
(b) H2(RK ;Z) = Z;
(c) K is either a p-cycle for p > 4 or has the form (p-cycle)∗∆q for some
p > 4 and q > 0, where ∆q is a q-simplex.
If any of these conditions is met, we have Hk(RK ;Z) = 0 for k > 3.
Proof. In this proof all homology groups are considered with coefficients in Z.
(c) ⇒ (b). (This implication follows from the implications below, but we give
a proof as it is simple and illustrative.) Let I = {i1, . . . , ip} be the set of vertices
of K forming a p-cycle, p > 4 . By Theorem 2.7,
(2) H2(RK ) ∼=
⊕
J⊂[m]
H˜1(KJ).
Since KI is a p-cycle, we have H˜1(KI) = Z and H˜1(KJ) = 0 for J 6= I, because
any subcomplex KJ with J 6= I is contractible. It follows that H2(RK ) = Z.
(b) ⇒ (c). Let H2(RK ) = Z. Then only one summand on the right hand side
of (2) is Z, and all other summands are zero. This implies that there exists a set
of vertices I = {i1, . . . , ip} forming a p-cycle with p > 4 (because K is flag). Since
H˜1(KJ) = 0 for any proper subset J ⊂ I, any two vertices which are not adjacent in
the p-cycle are not connected by an edge. If there exists a vertex j 6∈ I in the complex
K , then H˜1(KI∪{j}) = 0 implies that the vertex j is connected to each vertex in
the p-cycle I. If K has two vertices j1, j2 6∈ I which are not connected by an edge,
then the subcomplexK{i1,i3}∪{j1,j2} is a 4-cycle and H˜1(K{i1,i3}∪{j1,j2}) = Z, which
contradicts the assumption. Hence, all vertices of K which are not in the set I are
connected to each other and to all vertices of I. Since K is a flag complex, we
obtain K = (p-cycle)∗∆q for some p > 4 and q > 0.
(c)⇒ (a). First letK be a p-cycle. In this case the complexRK is homeomorphic
to a closed orientable surface of genus (p − 4)2p−3 + 1 (see [1, Proposition 4.1.8]).
Also, pi1(RK ) ∼= RC ′K according to Proposition 2.4. Hence, RC ′K is a one-relator
group.
Now let K˜ = K ∗ ∆q, where K is a p-cycle. Then R
K˜
= RK × Dq+1 and
RC ′
K˜
= pi1(RK˜ ) = pi1(RK ) = RC
′
K is a one-relator group.
(a) ⇒ (b). Since RK is an aspherical finite cell complex, the group pi1(RK )
is torsion-free (for example, see [4, Proposition 2.45]). So if pi1(RK ) = F/R is a
one-relator group with a relation r, then r is not a proper power un for n > 1, as
otherwise the element u would be of finite order.
Consider the space Y (RC ′K ), see (1). According to Theorem 3.2, it is Y (RC
′
K ) '
K(RC ′K , 1), so its homology groups coincide with the homology groups of the
space RK . Proposition 3.1 implies that H2(RK ) is either Z or 0. The group RC ′K
is not free, so the fraph K 1 is not chordal, i. e. there exists a chordless cycle I of
length p > 4. Therefore, one of the summands on the right hand side of (2) is equal
to Z = H˜1(KI). Thus, H2(RK ) = Z.
It remains to prove that (c) implies thatHk(RK ) = 0 for k > 3. By Theorem 2.7,
Hk(RK ) ∼=
⊕
J⊂[m]
H˜k−1(KJ).
We claim that all summands on the right hand side are equal to 0 for k > 3.
Indeed, let I = {i1, . . . , ip}, p > 4, be the set of vertices of K forming a p-cycle.
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Then H˜k−1(KI) = 0 for k > 3. Since the full subcomplex KJ is contractible for
any J 6= I, we get H˜k−1(KJ) = 0. Hence, Hk(RK ) = 0 for any k > 3. 
4. Examples
The following examples illustrate Theorem 3.3.
Example 4.1.
1. Let K be a cycle with m > 4 vertices. In the proof of Theorem 3.3 we showed
that the commutator subgroup RC ′K is a one-relator group. Using Theorem 2.7,
we obtain that H2(RK ;Z) = Z.
2. Let K be the clique complex of the graph in Fig. 1 (a). Theorem 2.6 gives the
(a) (b)
Figure 1.
following generator set for the commutator subgroup RC ′K :
(g3, g1), (g4, g2), (g5, g4), (g5, (g4, g2)).
These satisfy two relations:
(g3, g1)
−1(g4, g2)−1(g3, g1)(g4, g2) = 1, (g3, g1)−1(g5, g4)−1(g3, g1)(g5, g4) = 1.
Indeed, since each of g1 and g3 commutes with each of g2 and g4, the commutators
(g4, g2)
−1 and (g3, g1) commute too. We therefore obtain
(g3, g1)
−1(g4, g2)−1(g3, g1)(g4, g2) = (g3, g1)−1(g3, g1)(g4, g2)−1(g4, g2) = 1.
The second relation is proved similarly. Using Theorem 2.7, we get H2(RK ;Z) =
Z⊕ Z.
3. Let K be the clique complex of the graph in Fig. 1 (b). Theorem 2.6 gives the
following generator set for the commutator subgroup RC ′K :
(g3, g1), (g4, g2),
with the single relation (g3, g1)−1(g4, g2)−1(g3, g1)(g4, g2) = 1. In this example
the commutator subgroup RC ′K is a one-relator group. Theorem 2.7 implies that
H2(RK ;Z) = Z.
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